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Interfacial Properties of a Driven Diffusive System
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A study is made of the low-temperature interfacial properties of a driven system
with a single conserved density whose bulk properties were first analyzed, using
computer simulations, by Katz, Lebowitz, and Spohn in 1983. The system
corresponds to a nearest neighbor interacting lattice gas of charged particles
(hence conserved order parameter), which are acted upon by a uniform, con-
stant external electric field E. Starting from a bulk kinetic equation, an integral
equation for the interface is derived. Nonlocal coupling between different parts
of the interface arises from local particle conservation. The interface at any angle
is shown to be stable against small deformations of all wavelengths that are
large compared to the interfacial width. However, the relaxation rate w(k) for
the interface exhibits a strong orientational dependence, which can be
understood in terms of the modification of nonlocality by E. The wandering of
the interface is considered. Also, the possible stabilizing effect of periodic boun-
dary conditions on the orientation toward the direction of E is discussed.

KEY WORDS: Driven diffusive systems; interface; relaxation rates; nonlocal
interactions.

1. INTRODUCTION

There "has been considerable interest in the physics of driven diffusive
systems in recent years.!' "' Using the language of critical phenomena, we
refer here by the word “diffusive” to a conserved order parameter. These
systems in their simplest form (for analytic purposes) appear as a nearest
neighbor interacting lattice gas of charged particles acted upon by a
spatially uniform, temporally constant external electric field.") This model
is interesting for two reasons: first, it has interesting physical properties,
displaying highly anisotropic critical behavior of a new universality
class,'®” and it has anomalous diffusive behavior for d<2.** Second, it
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models some real materials that have some technological applications.*!
These materials are commonly known as fast ionic conductors.**

The bulk properties of this model have been quite extensively studied,
via computer simulations,*® and analytic methods'*®’ on its discrete
version, as well as via various analytic techniques® "' on its continuum
version. However, its low-temperature behavior, especially that associated
with the interfaces, has yet been investigated. This paper is devoted to such
a study.

Although the interfacial properties were not studied in simulations,
typical configurations generated by the computer seem to suggest that
those configurations with interfaces parallel to the external field E are the
most stable ones. This is in contrast to the case of E=0, where large
clusters would orient in arbitrary directions, reflecting rotational
invariance. However, since the sample size is rather small (30), the boun-
dary may stabilize the interface to lic along E, thus masking the genuine
effect of E. Moreover, the small size of the sample does not allow a clear-
cut separation of length scales.? The level of resolution of the simulation
results thus far is too low for quantitative measurement of interfacial
properties.

In all subsequent sections except Section 5, we consider an interface
paraliel to E. This paper is organized as follows. In Section 2 the interface
equation is derived from the bulk kinetic equation, after making some low-
temperature approximations. The properties of the Green’s function that
mediates nonlocal coupling among different parts of the interface are dis-
cussed in Section 3. The relaxation mode w(k) under small disturbances
about a planar interface is given in Section 4. Section 5 contains a
derivation of an equation for a tilted planar interface; and it displays the
orientational dependence of the relaxation after deformation. To under-
stand the possible effects of the boundary on the orientation of the
interface, we compute in Section 6 the time evolutions of the interface for
prescribed initial configurations. The wandering of the interface is
computed in Section 7. We conclude this work in Section 8. The Appendix
presents a derivation of the Green’s function for an interface parallel to E.

2. EQUATION OF MOTION FOR A PLANAR
INTERFACE PARALLEL TO £

As in other studies,®”) our starting point is again the time-dependent

Ginzburg-Landau-type equation of motion, obtained after some coarse

2 E.g., the lattice constant, the width of the interface, wavelength of interfacial deformation,
and a new length introduced by E, which will be defined in Section 3.
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graining of the Ising spins over some length scale greater than microscopic
scales, but much smaller than the bulk correlation length &:

2 = V- [Bo()] + AL 311V~ (V) 16+ 2 V20 10

ot
(2.1)

where 4 is the kinetic coefficient, E is the external field, x| is the coordinate
along E, a(¢) is the conductivity, and { is the usual Gaussian noise.
(V)2 is a short-hand notation for a combination of anisotropic fourth
derivatives. In accord with the prevalence of interfaces parallel to E from
simulation results, we consider in this and the following sections except
Section 5 the interfacial properties of such a parallel interface. We shall
assume Ising symmetry for the system throughout this work, so that
o(¢) = a(—¢).”> Our primary concern here is its low-temperature properties.
Thus, we expand the density variable about a stationary solution
corresponding to a planar interface parallel to E:

P(x, 1)=d(2) +¥(x, 1) (22)

where the “classical” stationary solution is of the form of a kink. As an
example, ¢.(z) = ¢, tanh(£;1z), representing a planar interface of width
&y.% The detailed form of the profile is nevertheless not important in deter-
mining the interfacial properties, as the bulk degrees of freedom are
averaged over to obtain an interfacial description. As a matter of notation,
the d-dimensional coordinates x are henceforth denoted as

XE(XI|aX_L)E(yH’yJ_’Z)

with x| =(y, z) being the (d— 1)-dimensional coordinates orthogonal to
E, and z being one of these d— 1 coordinates, arbitrarily chosen, to which
the interface is normal. Substituting (2.1) into the kinetic equation results
in an equation of motion for the small deviation y:

aniso

0
P Y =AEp.(2) 0, + ALr 03 +r V2 — (V)2 1

F22@+V2) )Y +C (23)

3 After the submission of this work, I was shown a preprint by A. Hernandez-Machado and
David Jasnow (Pittsburgh preprint), who worked out the linear stability of the interface
parallel to E in the absence of Ising symmetry and the presence of an asymptotic concen-
tration gradient. Their results agree with ours (Section 4) in the appropriate limits.

4 K.-t. Leung, unpublished results. The author succeeded in fitting a tanh profile of the density
for the fully anisotropic bulk equation, provided that certain conditions among the
parameters are satisfied. However, he believes that these solutions are not unique.
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where we have redefined £ such that the term — E d40(¢,) in (2.1) becomes
E¢.. Now E has the same dimension as the corresponding parameter in the
bulk study.® The —0d,06(¢,) and ¢, differ only in details near the interface.
Since we are concerned with phenomena of length scale > ¢, we make a
low-temperature approximation ¢.(z)* x ¢, to get

2
— YR AES(2) 0+ [(m +§¢;) 0%+ (n +§ ¢§o) Vi] U+l (24)

where the higher derivatives (V*)2 .4 have been dropped because they do
not lead to long-wavelength instability, since the coefficients r | + 1 g2, and
r, +3g¢? are generally positive, for ¢2 ~ —6r/g. These coefficients play
the role of anisotropic diffusion coefficients. This anisotropy can be
removed trivially by rescaling x, and x,.> Calling the rescaled coefficient

D, we obtain a diffusion equation with an additional driving force term:
0
5; V= AE#(2) 8, + DV +¢ (2.5)

which is supposed to be valid at low temperature for small deviations
away from the stationary state ¢,.

The interface equation is derived by means of the Green’s function
technique, following the same line of argument as in Langer and Turski.**
To do this, we first define the Green’s function conjugate to (2.5) by

[—0/0t — DV’ + iE$ (z) 91 G(p| p)=d(p—p') (2.6)

where for brevity we denote p=(x, t)=(y, ¥ ., z, t). The Green’s function
G vanishes when its arguments go to infinity; and it satisfies causality:
G oc 6(t —t'). By means of Green’s theorem,

D[ dv' Li(p)V*G(p| )= Glpl ) V()]
=D jy v’V -[Y(p)V'G(pl p') = G(p| p') V()]

=D a8 -TH(p)VG(plp)=Glpl PIVY(P)] (27)

where V is the volume of the system, excluding the interface, and S, and
S_ are the surfaces immediately next to the interface (see Fig.1). The

’ However, the anisotropy in the noise correlation cannot be removed simultaneously.
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Fig. 1. The bulk volume ¥, the interface, and the surface S, and S_ used in Green's
theorem.

contribution from the surface at infinity vanishes because G and  vanish
there. Since dS’ points in opposite directions for S, and S_, the con-
tinuity of ¥(p’) across the interface implies that the terms in V'G cancel
out. Eliminating V'>G and V'*} using the equations of motion for G and ¥
and integrating over [*% dt' gives

~p[ Tar|{ a8 [G(plp) V()]

— o0 Sy +8_

=[ar [ av{upi-a,+ 4B8.(2) 8,1 G(pl p) = ¥(p) 8o~ )

= G(p| p)or— AEP2)0 1 + G(p| p) ()]}
=[ar | dvi—orw6)+ 2E6.2) 0 G) + GC1 ()

cintéu—g o T as DLy

+j_+: dr' [ dv' 6L~y (p) (2.8)

where \/gs [1+ (VF)*]'? is just the inverse of the local direction cosine
on the interface. The lhs can be expressed in terms of the currents across
the interface, which are driven by Vi
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lhs=Jdt' S dS" '+ [ gifrusion(S ) — Jgitmusion(S + )1 G(p| p')
=[ar js ds' i - [I(S_)—3(S,)1G(p| p)

+

- f dr' J:S‘ ds'i'- [Jinduced(s— )_ Jinduced(S+ )] G(P | p,)

f/
=2, [ar| asL=aG(plp)
J L Jz 0
+2,AE[di | dS \'/'iw(p)c(pxp') (29)

where @i’ is the unit normal to the interface pointing in the +Z direction.
The net flux of particles across the interface in the first term has been
related to the motion of the interface. Here é is the unit vector along E.
Therefore the induced-current contributions to both sides of the equation
cancel out.®

We now write dS/\/E=dd ~'y, and use the Gibbs—Thomson relation
to express the deviation (S, ) at the interface as 2¢  é¢". Here

- _ 4 o 9 di-1y
i} et~ I AN

is the curvature of the interface at f(y, ). We eventually obtain the
equation of motion for the interface in the form of an integral equation:

«5f<y,t)j a7y

e ' d— 1.,/ (Y l a 1o
=[ Tar [aty 6y aly s 110 55 10

1 !
+K£w ar [ av' Gly, 1y’ ¢ f12) (y' 2, 1) (210)

Most of the subsequent analysis is based on this equation. It is in the
same form as that of Ref. 13, with a different Green’s function, which
contains all the E dependence. Also, a noise term is added, " which will be
necessary in calculating any correlation function.

® This cancellation is generally true for Ji,4,.q(¢) even in ¢, which holds for systems having
particle-hole symmetry. The case when this current is odd in ¢ has not yet been explored.
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Before we close this section, a few comments are in order here: (1)
This equation is highly nonlinear; nonlinearities are contained both in the
curvature term (8/8f) [ d“ 'y \/E and in G. (2) The nonlocal nature of the
interaction among the interfacial degrees of freedom mediated by the
Green’s function is a general feature for systems with local conservation.
Since G decays exponentially, the interaction is short-ranged. (3) Given the
correlation of the bulk noise {, it is straightforward within the linear
approximation to work out that of the noise on the interface. This is given
in Section 7.

3. GREEN'S FUNCTIONS

In this section we briefly discuss the functional form of the Green’s
functions for an interface parallel to E. Note first that the interfacial
degrees of freedom interact in a nonlocal way, the extent of which is
specified by G. Now, G contains all the E dependence for the interface
because the noise correlation is also related to G. Thus, it is essential to
know its explicit functional form for an understanding of the influence of
both the local conservation and E on the interaction of the interfacial
degrees of freedom. Since we will see that the planar interface is stable
against small deformations of all wavelengths, it is sufficient to consider
only the linearized equation of motion. So G(y, t|y’, ¢'; z=0]z' =0) should
capture the essential qualitative features of the nonlocal coupling. For com-
parison, we also show the corresponding expressions below for the
undriven case of model A (nonconserved order parameter) and model B
(conserved order parameter), following the nomenclature of Hohenberg
and Halperin."®) In momentum-frequency space, one finds (see the Appen-
dix)
const {model A)
[2D(k*—iD 'w)?] 1 (model B)
DT[(k*—iD  'w — ik ok )

+ (k> —iD'w+ikgk )10 (E#0)

Gk, 0;0(0)= (3.1)

where k is a (d— 1)-dimensional wavevector, and k,=AD 'E¢_ is a
wavenumber introduced by the driving force E. The square roots are
defined as (Re)Y? = R'?¢"? where 0 is as shown in Fig. 2. Fourier-trans-
forming to real time, we have G(k, ¢]¢;0]|0)=0 for t—¢ <0, due to the
fact that G has no singularity in the upper half w-plane, which reflects the
causality condition satisfied by G. For ¢t —¢ >0, we get

822/50/1-2-27
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" const x &(1 —t') (model A)

1 1/2
<m> exp[ —k*D(1—t')](model B)

G(k, t|1;0]0) = L (3.2)
(———-—47[1)([_ t’)) expl—k“D(t—1")]
sin[kgk D(t—1t)]
*kgk D(t—1) (£+0)

where we have computed exactly the | dw for the E#0 case by distorting
the contour of integration into the lower half w-plane and then integrating
the contributions along the four branch cuts. Further Fourier-transforming
to real space y=(y,y,) yields

const x 8¢ Yy —y')é(t—1') (model A)

I A e
- it Awe S 1
<4nD(t— z’)) XPpa—r) (modelB)

G(y, t|y, t;0]0)= , (3.3)
L) (220
anD(i— 1) 4D(i—1)
\ XJ(yu_y’n’t—t’) (E#0)
where
1 r+1
Iy t)EEJ_l doexp(—y k /2 — k3. Dia/4) (3.4)

Hence all E dependence is contained in a single multiplicative factor J,
which represents the effect of the driving force on the nonlocal interaction

N
8=

=TT

3/
N\

8=

=1

3

Fig. 2. The branches and branch cuts for G for E#0. The branch cuts merge into the real
axis as E—0.
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along the y, direction. Associated with the length scale k!, E introduces a
new time scale t,=(Dk%) " It is then natural to consider the limiting

forms of J for t— ' <t and t—1'> 1

l. t—t<1z For y,=0
1 r+t

IO, 0)=3 f do exp( —k2D1a?/4) ~ 1
—1

Thus, G oc exp[ —y?/4D(t—1')] as in model B.
For y,#0

1 p+t
T 023 | dmexp(—p keo2)

= (sinh A)/4
1+A4%6+ -, A<l

={l RO (3.5)
A e 4> 1

where we denote y, kz/2 as A. So, for |y I > kg! the level of nonlocal
interaction is enhanced by a factor (1/| yilkg)exp(ly, 1 kg/2). Significant
modification to the pure model B behavior of the form
exp[ —y{/4D(t—¢')] occurs only for length |yl >kzt Conversely, sup-
pression of nonlocality is observed for 1 —t' > 7 as follows:

2. t~1t'> 1z We consider three different regions:

(1) For |y, <kz!, we get

71:1/2 Ty 172
J = =
S v e e e B

Hence the level of nonlocal interaction is suppressed by this factor.
(i1} For
k' <yl <keD(t—1)=[D(t— )12 (1~ 1)1,

we get the same suppression from J as in region (i).
(iii) For kyD(t—1t)< ly,l, we get

1 r+t
T )25 [ duexp(—keya/2)
-1
= (sinh 4)/4
1
z§|A|‘1exp|A|

= (1/lyylkg)exp(|y, | kg/2)> 1 (3.6)
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Hence, only when |y, goes beyond the large length scale k;D(r—¢') set
by E would the model B behavior be modified to

G oc (1] lkz) exp(| y | kg/2) exp[ —y}/4D (1 —1')] (3.7)

which represents an enhancement of nonlocality over the model B behavior
at the tail for large |y |.

Figure 3 displays two typical examples of a comparison between G(E)
and G(E=0) for t—t' <1y and 1 —t' > 1. To summarize, the new length
scale k7' and time scale 7, mark the borders beyond which deviations from

1.0 \ T T —T T
\ 2 ,,.
osf \\ otké/4=20
06+ \\ —
= \
I} O“%‘ \\ .
\
02 A -
\
0 | \\L 1 ]
0] 10 20 30 40 50
y=keyy/2
1.0 T T T

Dtki/4=00

06 .
3 o4l -
02f- .
0 1
0 05 1.0 5 20

y=keyy/2

Fig. 3. Two typical examples of the behavior of the Green’s function G(y, ¢|0, 0; 0|0) along
the direction of E, (a) for 1 >t and (b) for : < 1z, showing the suppression at short distances
and enhancement at long distances of the nonlocal coupling due to E (solid line), in com-
parison to that of E=0 (dashed lines). The magnitudes of G’s for E=0 are properly
normalized to 1 at y, =0.
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model B behavior are observed. These modifications help to explain in an
intuitive way the new relaxational behavior to be discussed in the next
section.

4. STABILITY OF THE PLANAR INTERFACE

The planar interface /=0 is obviously a stationary solution of the
interface equation of motion corresponding to f=0.” To examine its
stability against small deformations, we linearize® (2.10) with respect to f
and look for a solution of the form

F(y, 1) =fo(k) exp(ik - y — iwi)
where k is (d— 1)-dimensional. Substituting this into (2.10) yields
— &k fo(k) = G(k, ; 010)[ —iefo(k)]
By (2.11), the dispersion relation determining w(k) is thus given by
— ¢ =@[(k* + &+ itk gk )+ (k* + & — ik gk, )] (4.1)

where @ = —iD ~'w, so that f(k, 1) oc exp(D@t). Without loss of generality,
we assume henceforth that E>0, ¢., >0, so k.= AD 'E¢_, can be taken
as positive. Let us study this equation in the complex & plane. There are
two branch points at b= —k?+ikzk, and b* = —k* —ik ok, besides the
one at infinity. The branch cuts are chosen to extend from the branch
points to —oo parallel to the real axis (as shown in Fig. 2). A close
examination shows that (4.1) can be satisfied at one and only one point on
the negative real axis of @. Therefore, the planar interface parallel to E is
stable for all wavevectors k. The relaxation mode @(k) is given by one of
the roots of the following equation, which is obtained by squaring (4.1)
twice:

B — AkAED — 4kSEX? — A(kAE%k sk, )2 =0 4.2)

This has two real roots and two complex roots; only the real and negative
root is physical. We are primarily interested in the relaxation modes under
a long-wavelength deformation, so the small-k behavior of (4.2} is con-
sidered. The finding of an analytic expression for the roots of (4.2) can be
simplified by the following observation: simple power counting shows that

" There are no cellular states as in Ref. 15, due to the absence of a concentration gradient at
1 c0.

8 From the explicit exponentially decaying form of G, such a linearization overestimates the
strength of coupling for large deformations f.
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the odd term proportional to & is always the least dominant one. It could
only introduce correction in powers of k. We thus drop it, and the
algebraic equation becomes quadratic in &2, which can be easily solved to
give
@ 2k8E% + [(2k5EP)? + (28%k gk k*)* ]2
=2kOE* + 2k*EX[k* + (k k) )*]Y? 4.3)

of which the negative root is the relaxation mode for a small deformation
of wave vector k. Note that the new length scale k ;' always couples to kj,
and that the ratio of the two terms inside the square roots varies over a
large range of values as E changes:

. kelk |  kglk,l
ratio/? =~£_I . £ 7l
k* ki + k3
N{(kE”kﬂ)(lknmkll) for k|2|<kﬁ_ (44)
(kg/lkyl) for k2> k% .

we consider two limiting cases:

1. Small E, such that k;<1k,| and k< |k |. Here the relaxation
occurs on scales so much smaller than k;' that the presence of E is hardly
felt by the interface. The relaxation modes for (|k|/lk |} kz/1k . 1) <1 (ie.,
|kyl/lk 1| is not too large) take the usual form of model B:

w(k) = —2DK* — §DkLk2 k& + O(kY) (4.5)

where we denote the relaxation rate as w(k): f(k, t) oc exp[w(k)?]. The
leading term of (4.5) is just the result of Langer and Turski”® in the
absence of asymptotic concentration gradient. The term proportional to E?
is of order k)| in the physically interesting case of k% > k7 , whose negative
sign simplies a faster decay than model B. Obviously, since k. always
couples to k||, the same k> behavior is observed whenever the deformation
varies only in the orthogonal directions, i.e., when k;; =0. So from now on
we only consider k #0.

2. Large E, such that k; > |k ||| and k> |k ,|. The general expression
simplifies when k |k |/k* > 1, which is true when |k, |/|k | is not too small:

Dk*¢

~ __ 1/2 2 V2 __ =" e
(U(k)~ (ZkE) Dék lkHI (ZkEk”)l/z

(4.6)

When the deformation varies predominantly along E, we have k? > k7 :

w(k)~ —(2k ) DEKS? (4.7)
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which shows that the presence of large E is approximately realized as k}?
replacing k/(? in the relaxation mode, resulting in a faster relaxation.

Within the linear approximation we can superpose two small defor-
mations: one varies predominantly along E and the other orthogonal to £,
with characteristic wavelength denoted as /. The above results indicate that
at later times, of the order of > [(2k,)"?¢&1~ %], the deformation along
E would decay to an amplitude negligible in comparison to that
orthogonal to E. Similar faster temporal decay of fluctuations along E was
also found near the critical point as in Ref. 6.

To conclude this section, let us compare the relaxation for model A
(i.e., without local conservation), for model B (i.e., £ =0 with local conser-
vation), and for the case when E# 0, expanded in small k:

ﬁ —Ik? (model A)
o)~ { —2DEK? {model B)

~(2k )" DER? k)| 2 (E#0)
Mathematically, the origin of the slower decay characterizing a system with
conservation is contained in the (k, w) dependence of the Green’s function.
As an example, w(k) for model B is determined by
a(k)

~k = DT T T

For small k the k? inside the square root dominates, giving
(k) c —k3 In model A the entire denominator is absent, hence
w(k) oc —Kk%

The Green’s function describes nonlocal interaction among interfacial
degrees of freedom at different space-time points for systems with locally
conserved density. Physically, such nonlocality arises from the necessity of
the transport of materials in modifying the interface. Deformations at
different space-time points do not relax independently; they are coupled
together through G. Therefore, a better understanding can be gained by
examining the explicit form of G(y ., y,, t|y'., ¥}, t’; 0]0) as in Section 3,
where we have shown that for any given ¢#—¢, the coupling in the
corresponding important range along E, as determined by the model B
behavior exp[—[y —y’”|2/4D(t——t’)], is suppressed by the factor J,
whereas the coupling is enhanced for large |y, — y}|. Along y*, the non-
locality decays as in model B, with G oc exp[ —|y, —y’.|%/4D(t—t')]. To
see this effect of E on the relaxation, let us consider the linearized equation
of motion

—&Vf(y, )= f dr' d*~'y G(y, 11y, ;010) f(y', ') (4.8)
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In the momentum space, a deformation with a definite wavevector is just
sinusoidal in shape. For model A,

G(y, t]y, ¢;0]0) cc 6 Hy—y) 6(r—1')

the interaction is local, so that the velocity f(y, ¢) directly responds to the
curvature of f at (y, t). This leads to w(k) oc —k>

Now if there is small nonlocality, as arising from local particle conser-
vation in model B, the f at neighboring points (y’, ') of (y, #), which have
the same sign as f'(y, t), would also contribute to the integral on the rhs of
(4.8) and it competes with f(y, ¢). This decreases f(y, 7) relative to that of
model A. The specific (k, w) dependence of G then gives w(k) oc —k> in
the small-k limit.

For large E, consider a particular Fourier mode of deformation
(sinusoidal) of a definite wavevector k=(k, =0, k) with k;, <k, since
anomalous decay is observed only when k » k7 and k| < k. The situation
is illustrated in Fig. 4. Modification of model B relaxation is a direct con-
sequence of the suppression of nonlocality at short distances (e.g., within
the crest “a”), and enhancement at long distances (the dominant regions of
which are those in the neighboring valleys “b” and “c”), where the interface
velocities have opposite sign to that at “a.” Both these two effects thus
contribute to speed up the relaxation of the interface relative to that of
model B. The detailed (k, w) dependence of G then determines w(k) as in
(4.3). This heuristic argument illustrates that any nontrivial modification of
model B behavior by E can only be observed at long time and large
longitudinal distance compared to those scales introduced by E.

Intuitively one does not expect E to change the relaxation along the
orthogonal directions, because the induced current is unidirectional along

E
—>

/N

<>

k||

Fig. 4. A sinusoidal deformation of wavelength k;;* of the plane interface. In the case of large
E ky<ke.
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E, reflecting in the coupling to k|, alone in the equation of motion. This
transport of particles along E somehow competes with the usual model B
nonlocal interaction, This manifests explicitly in the competition between
the two terms inside the square root of (4.3).

5. STABILITY OF A TILTED INTERFACE

This is the only section that deals with an interface not parallel to E.
In Section 2 the interface equation of motion is derived by expanding the
bulk equation about a stationary state, which describes a planar interface
parallel to the driving force. The planar interface is subsequently shown to
be stable against small deformation. On the other hand, it was found"?
that there exist stationary solutions that correspond to a tilted interface.
Nevertheless, its stability is not yet explored, due to the complexity
inherent in analyzing a fourth-order nonlinear differential equation. We
therefore derive in this section a kinetic equation for the interface by
expanding the bulk equation about a presumed solution ¢.(u), which
describes a tilted interface. Let

(x, )= (u) +¥(x, 1)

where  represents the deviation about ¢ (u), with u=(z — f; )’||)/\/;x and
g.=1+73. As before, f, is the tangent of the angle of inclination, For
small deviation ¥ the bulk equation can be linearized to get

fi
Ve

in which fourth derivatives are dropped because the effective diffusion coef-
ficients D, =r+4go,¢% and D, =r, +1go, ¢% are both positive, where
o, and o) account for anisotropy in the derivatives coupled to g¢’. For
simplicity, from now on we only consider the situation in two dimensions;
extension to higher dimensions should be straightforward. It is natural to
perform a coordinate transformation from (y,,z) to (u,v), where u
measures the normal distance from the planar interface, and
v= g, ?(y, + f1z) measures along the interface, as shown in Fig. 5. This is
the intrinsic coordinates for the interface. Denote y(y,(u, v), z(u, v)) as
o(u, v); (5.1) becomes

= Ep ) &y~ AET gt + (D33 + DV T (5)

o _ap L IE
Fride —/157;5“(¢c(u)¢)+\/g—1¢c(u) 0,0

+<Du6§—2AD[i6u6,,+Duaﬁ) o+ (5.2)

£1
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N

u=f(v) u

Fig. 5. The tilted planar interface, its deformation, and its intrinsic coordinates. Particles are
chosen to reside on the side of positive u.

where AD=D,—D,, D,=D,—4D/g,>0, and D,=D— f} 4D/g,>0.
We first diagonalize (5.2) with respect to v by Fourier transform; thus,

0 :
51000 Kur )= A 8,00 0) + B )0

&

S

&1

(Dk2+2AD zkvau+Dua§><p+c (5.3)

whose corresponding Green’s function is acted on by its conjugate
operator:

Si

|: 0,—D 62+2ADg 0,0,—D,0?

1 fi
_ o — o 1G(p | p)y=6(p — 54
+AE ¢ ()0, \/g—¢(u) ] (p'Ip)y=6(p'—p) (54)

Nz

Here p= (u, v, t). Exactly the same procedure as in Section 2 leads to an
integral equation for the interface position f(v, r). Again, the term propor-
tional to E cancel out, leaving
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5 ’ ’ 1/2
e  CARCAR

=_[ dr dv' G(u, f,t|v'f", t') flv', t')

2¢J dt' du' dv' G(v, f, 1|0, ', ) LW, £')  (5.5)

Now we first have to solve (5.4) for G, and then study the stability of
the =0 solution of the linearized equation. We shall not go through the
details finding G, which is nothing more than matching exponential
solutions at boundaries. Again a low-temperature approximation ¢ (u)~
¢ [20(u}— 1] is used. To linear order in f, we only need

11
Glk,, o;u=0]u=0)= D. q+p (5.6)

where p and ¢ are the roots of the following quadratic equations with
positive real parts:

D,p <2AD f

{
ik,+Dkg /i )p—(Dukﬁ——iw———D”ikEkv>=O
Vs Ve

(5.7)
D,,q2+<2ADfl ik, — D, kg /1 >q

Je

1
—(D,,kﬁ—iw-i-——DHikEkv):O (5.8)

V&

It is then easy to get

k 2
G(ku,w;om):{’)n Ef1+[D“le3+<D“kEfl>
Je 2z

1 1/2

Je

D k 2 1 172y —1
+[D”lef+( i Ef‘) + D“DlikEkv——Duiw] } (5.9)

ENIVAIN/S

and the relaxation rate w(k,) in exp[w(k,)¢] is obtained by solving

—¢kl=ow(k,) G(k,, iw(k,); 0]0) (5.10)
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To see whether (5.10) has a solution for w(k,) with positive real part,
we denote D,w(k,) = w, + iw;. The square roots are now of the form

Rzzeiﬂtﬂ =[a?+b*+w,+i(w,+c)]"?

where we denote DHkEfl/(Z\/;) as b, etc. To satisfy (5.10) with w, >0, we
must have Re G < 0. However,

Re G~ '=2b+ R"?cos(6/2)
=2b+[R, (14cos0,)2]"*+ [R_(1+cosb_)2]"?
=2b+ (1.2 {[(@ + 6+ 0, + (0,4 ¢)* ]V + >+ b + 0, } 2
+(1//2D{[(@ + B + 0,0 + (0,— )1 + & + b+ w, } 2
which shows that, for w, >0, Re G~' > 2b+ 2(a®+ b*)'* >0 for all values
of b. Therefore, there cannot be solution with w,>0. Thus, a tilted inter-
face is always stable against small deformation of any wavelength k,, at

any orientation f;. We expect that this result also holds in higher dimen-
sions.

Relaxation Modes

Let us now use (5.10) to determine the relaxation modes for large-
wavelength deformation. We shall look for a real w(k,) solution.

Let Q=w(k,)/k2¢ and b=D k;f,/2,/g;. Dropping higher order
terms in k, and squaring (5.10) twice, we obtain the relaxation mode from
the negative root of an algebraic equation

1
72+ + (b*— D, D, k*)Q?+2b(2b*— DD  k2)Q

1+D |If %/ D,
1+ 13
For infinitesimal inclination f, the leading terms are the first and the last

one, giving the k32 behavior found in Section 4. For any finite f;, b is
much greater than k2. For finite f; >0, so 5> 0, (5.11) gives

—D3D kik2=0 (5.11)

Q =4b+ O(k?) (5.12)

leading to an w(k,) o«c —k?2 behavior. On the other hand, for finite f; <O,
we find
1+ D, fi/D,

Q
1+12

1
D} D k2k2¢

~ o (5.13)
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corresponding to w(k,) oc —k%. Since the anisotropy in the diffusion coef-
ficients are not crucial, we simply denote both by D and the results are
neatly summarized as

w(k,)= —Dk2 &k (f1/</21) FIk2/k2, £i//81) (5.14)

where F(x, y) has the following asymptotic behavior for x < 1:

21214y, -1 y—0
Fix, )~ |240(x)  y=0(1)>0 (5.15)
—2xy~*4 y=0(1)<0

Equations (5.14) and (5.15) are the principal results of this section. In par-
ticular, this implies that for the configuration of Fig. 6a, the relaxation
behaves like model A, whereas for that of Fig. 6b, it is even slower than
model B.

Physically we have seen that the relaxation is strongly influenced by
the range and strength of the nonlocal interaction, which is specified
entirely by the Green’s function. We should therefore gain better
understanding of the above anomalous behavior by studying the detailed
form of G(y, t). To illustrate, let us evaluate those for the two limiting cases
depicted in Fig. 6, when the interface is orthogonal to the driving force. In
these configurations G is obviously isotropic with respect to the transverse
(d—1) dimensions. From (5.9) we get, after generalizing k, to (d—1)-
dimensional k,

1 1/2-1 1
G(k,w;OlO;flzioo)=[iD“kE+2(D”DLkzﬁ-Zk}EDﬁ—iD“a)) ]

(5.16)

N
N

(@) (b)

Fig. 6. (a) When 8=90°, the relaxation is model A like; whereas (b) when 6= —90°, it
behaves as k?. The shaded areas correspond to particle-rich phase.
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and

1r ds 1
. cr 2| £ Dy
Gl 5010, = £0)=3 | 3™ o B R TR T

(5.17)

There are branch points at s= —D , k*/D |, — k% and at infinity; and only
for f; <0 is there a pole at —D, k*/D,,. The appearance of this pole is the
mathematical reason for the ultraslow decay w(k,) ~ —k? found for f, <0,
as we will see briefly. The contour integrals are easily evaluated in a
standard way. For 1 <0, G=0 as usual. The results for >0 are

G(k, £;010)=40(—f, )k e =2+
—(4nD 1) exp(—k>D  t — k3D, 1/4) K(k}D, t/4)
(5.18)

where 0(x) is the step function, and

N

1 e B
ﬁjo dy e yy+x

is a mild function of its argument, with K(0)=1. The exponential factor
dominates the dependence on k%D, t. The first term is the contribution of
the pole, as mentioned. Further Fourier-transforming to real space gives

K(x)=

G(y, 1;010)=G(y, £;010; E=0)[6(—1,) kx(nD, 1)"?
+ K(k% D\ t/4) exp(— k%D, 1/4)] (5.19)
where G(y, £;010; E=0) is just

1 d—1)2 1 12 ,
e —y*/AD;t
<47tDl t) (47'CDH t)

D, couples to kand D, couples to k?, as expected. Similar argument used
in Section 4 can now be applied for a qualitative understanding of the
anomalous relaxation. It goes as follows:

1. For sufficiently large and positive f; (e.g., Fig. 6a), the level of
nonlocality is suppressed severely by the factor exp(—k%D, t/4), leading to
a truncation of the important range of nonlocality down to O(kz!), both
spatially and temporally. Thus, for long-wavelength deformation k' > k1,
the kinetics occurring near the interface approaches that of model A for
large E. This explains why w(k,) ~ —k2.
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2. For the opposite configuration with finite and negative f; (an
extreme example is as shown in Fig. 6b), the overall strength of nonlocality
is enhanced by a factor of (kD )" for time and length scale (D))"
>k;' and y>k;'. For a sinusoidal deformation of wavelength k', the
important coupling to the relaxation at any given point comes from a
region of size k' and time (Dk*)~' centered about that point. The
relaxation is therefore significantly slowed down, as evidenced by the way
these nonlocal couplings enter the equation of motion (5.5).

At the microscopic level, we indeed expect physically a configuration
with f, >0 to relax more rapidly than one with f; <0, because the particles
near the interface for f, >0 have more neighboring vacancies to move into
along the direction of E.

6. DECAY FROM AN INITIAL DEFORMATION

In Section 4 it was shown that the planar interface parallel to E is
stable against small deformations of all wavelengths. Here we examine
explicitly how a tilted interface relaxes from an initial configuration in the
absence and presence of the driving force. The possible effect of the boun-
dary is also discussed.

We consider an initially flat interface (/=0 for 1 <0). A sudden kick
at =0 deforms the interface into a shape given by the function f(y, ¢ = 0).
We are interested in how the interface relaxes toward the planar con-
figuration. Before we go on, let us emphasize that solving an initial value
problem for an integral equation may lead to mathematical difficulties. In
contrast to solving a differential equation, specifying the initial conditions,
namely the function f and its derivatives at r=0, does not in general lead
to a complete knowledge of the function for ¢>0. To acquire such
knowledge we need in principle the complete history of f for all 1 <0.
Therefore, in the hope of gaining some qualitative understanding of the
relaxational properties of the interface, it is intructive to consider even such
a somewhat unrealistic sudden action on f at =0, in order to specify f for
all r<0.

To find f(y, ), we will use the method of Laplace transform. Let us
first define

Tos)=["dre= sk, 1)

as the Laplace transform of f, after Fourier transforming with respect to
the (d— 1)-dimensional coordinates y. Using the fact that the Laplace
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transform of f'(k, 1) is —f(k, 0) + s7(k, s), our linearized interface equation
gives

1
s+ Ek2G(k, 5;0]0) !

7k, s) f(k, t=0) (6.1)

where

1 1
D (K> + D 's+ ik gk, )+ (kK> + D s — ik ok,

G(k, 5;010)= )72 (6.2)

Note that f(k, s)/f(k, ¢=0) is just the linear response function to an
external field that would couple to f linearly in a Hamiltonian. An example
of such a field is an external magnetic field for spin systems. The pole of the
response function determines the relaxation mode as found in Section 3.
The time development of f is given by the inverse Laplace transform

fkt) ods )
T Lz—m‘e {5+ DV2E[(Dk? + 5+ iDk gk )"

+ (Dk?* + s — iDk gk )1} !
=1I.(k, 1) ()

where C is a contour in the complex s plane, lying to the right of all
singularities of f(k,s). Note that I.(k,7=0)=1 and I.(k, t1<0)=0, as
should be the case.

From now on, in this section, we restrict ourselves to two dimensions,
so x=(y,, z). We wish to consider the evolution of an initial shape that
reduces to that of a planar tilted interface at sufficiently smail length scale.
Two examples that are simple enough for computing the inverse transforms
are (see Fig. 7)

f(yWO):)’ne_KlyHl

and
f(y||’ 0)=(1/x) sin KY

On a length scale <k~', both approximate a tilted interface as
F(y, 0)= yy.

We focus on the time evolution of the central planar portion of the
interface, whose size is much smaller than x ! Hence, we consider the
region |y, | <x . To include all important nonlocal interaction, we need
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L
\ /
_ DT\/ Y,
(a) g
< g >

(b) y,» Ot
«—>

—>

K

Fig. 7. The initial shapes of the deformed interface chosen for calculating their time
evolution. (a) A sinusoidal shape, which is preserved under time development; and (b) a shape
consistent with the periodic boundary condition. The separation of length scales is shown
schematically.

to consider ¢ such that (Dt)"?~|y|. Thus, for large E, we have the
following order of the length scales:

5<k51<(|y”|, (Dt)1/2)<lc_1

The important Fourier modes contributing to the time evolution of the
planar portion are clearly those with |k | <. With the wide separation of
length scales in mind, the contour integral of (6.3) is computed as the
difference of the pole contribution and those along the branch cuts. For
comparison, we have also computed for £ =0, which is listed together with
that of E+#0 as follows:

Ic(kll’ t):Ipole(kH’ t)+1branch(k[|5 t)

(1+ Dk}, &/p+ ---)exp(pt) (E#0)

Ipole(kllst)z{(l__lkmé_i_ o) exp(—2k‘3|fDl) (E=0) (64)

822/50/1-2-28
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where p= ~2(2k;)"?¢Dkj*+ --- The branch-cut integrals are

]branch(k| |» Z)

— 2k ¢ [exp(—k3 Dr)]

1 e Jrp
W L dp eXp(—PkE|ku|Dt)(1—_l_;2‘)—2

~{  x[(1—p>) cos(kglk,|Dt) +2p sinkz|ky| Dt)] ~ (E#0) (6.5)

(E=0)

i

2 ©
Z k| ELexp(~k300) [ dp [exp(—pkﬁbt)(l—ﬁ?

The resuits for the two initial shapes are then as follows.

L. f(y,,0)=(1/k)sinxy,: Its Fourier transform is simply
fky, 0)=(nfix)[o(k; —x) —d(k, +x)]

which gives the shape-preserving evolution:

o dk, .
f(yu,t)=f Z—R"e‘k”“f(k”,())lc(k“,t)

N
1.
=TIk, t);sm Ky (6.6)

A natural dimensionless parameter emerges: kzxDt. Thus, in the large-E
limit in the sense that k;xDt> 1 [note that this equals k (Dt)"? x(Dt)"?,
the first factor > 1, while the second <17, we evaluate the integrals over p
by expanding in this small parameter for E#0, and in k’Dt <1 for E=0,
to get

(1= (4 /7 k€KDY + ... (E=0)

e t)‘{1—2(k5x)1/25x21)z+ (E#0) (67

Here the two terms for E#0 comes from the pole integral, whereas for
E=0 the “1” comes from the pole piece and the second term from the
branch-cut piece. As kzxkDt>1, (6.7) explicitly displays the faster
relaxation in the presence of E.

2. f(y,,0)=y,exp(—x |y,l): Its Fourier transform is
flky, 0)= —dixk,/(k} +k*) (6.8)

which is problematic at k=0 as x —0; this explains the necessity of
dealing with a shape converging at y, = +oo, rather than just f oc y, in
order to study the time evolution of the tilted interface. Here we are less
fortunate than in case 1 because the parameter k |k, | Dt in the integrand
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of { dp in (6.5) is not necessarily large, as |k | is integrated from 0 to O(k).
For this reason the computation for kzxDt> 1 is not yet successful, so we
only report that for the limit k.xDt<1. Note that for large kj this
corresponds to the small-time limit, namely 1 <k (D#)"? < 1/k(Dt)"2 In
contrast to case 1, where the influence of E on the relaxation shows up at
the lowest order nontrivial terms, here we must compute the second-order
effects. We focus on the planar portion as before by expanding the factor

exp(ik, y,) into 1+ ik, y,+ --- By symmetry all even terms vanish on
integrating over k. The results are
Sy 0)
(il = &(D) =&’ De+ -1+ 0(y]) (E=0)
Cly [l = &P = ek g) PiPDi+ -]+ O(y))  (E#0)
(6.9)

where the coefficients ¢,, ¢,, and ¢} are all of order unity. Similar to case 1,
faster relaxation for EF#0 is exhibited in the rotation of the interface
toward the configuration parallel to E (the bracketed quantities are the
tangent of the inclination).

Note that in the limit k — 0, corresponding to the curved portions of
the interface being infinitely far away from our region of interest, we get
from both case 1 and 2 the result f(y,,#)=/(y,,0)=y,. This corre-
sponds to a zero mode of the linearized equation of motion. However,
although any f linear in the coordinates is a stationary solution to the full,
nonlinear equation (2.10) (in fact, it is the only family of nontrivial
solutions), it is unlikely to remain a zero mode, as the nonlinearity in G
significantly modifies the linearized dynamics for large deviation from a
planar interface, such as /= y,,.

On the other hand, the appearance of this zero mode is fully expected

for E=0. We can easily show that the equation of motion is rotational
invariant when E =0, and that the relaxation modes w(k) for deformation
about a planar interface are independent of its angle, ie., the planar inter-
face is equally stable for any orientation. For E#0, E apparently breaks
the rotational invariance and its induced anisotropy is manifested in w(k),
as shown in Section 5.
Two comments are in order here:

1. Physically we can interpret the presence and the influence of the
curved portion (represented by y} terms) on the planar part as the boun-
dary effects of a finite system on a tilted interface. The largest length x !
then corresponds to the system size. The limit k — 0 is then the situation
when we only look at time and length scales very much smaller than that
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of the system size, so that the effect on the time evolution of a tilted inter-
face is not yet felt. In fact, case (2) seems to model the effect of the periodic
boundary condition (PBC) along y,. In the context of the linearized
equation, this then implies that PBC has a stabilizing effect on the interface
parallel to E. Thus, our result indicates that the planar interface parallel to
E for T< T, found in computer simulations may merely be an effect of the
periodic boundary condition imposed on the density variable 4. Whether
this remains true including nonlinearities requires more extensive
examination.

2. Another point to note is that for finite x the faster rotation of the
interface toward its parallel position appears only for k.> k. This is
intuitively obvious if we interpret x ' as the finite size of the system. The
particles would not notice the presence of E if F is so small that its
associated length is greater than the system size.

7. ROUGHNESS OF THE INTERFACE

Although we have shown that the planar interface is stable against
small deformation, it could be rough even at low temperature due to ther-
mal fluctuations. The degree of the roughness is conventionally measured
by the quantity

0*=Gly, tly, )= {2y, 1)) (7.1)

where (---> denotes an average over noise in the stationary state.

The roughness of the interface depends on the number of dimensions
of the system. It is important to determine the exponent that characterizes
the divergence of w with the system size L: w~ L. When 6 <1, we have
w/L -0 as L — oo, so that the interface is effectively smooth. The lower
critical dimensionality d, can be determined by the condition 8(d,)=1,""*
which is when the interface wanders all over the system so that it destroys
the ferromagnetic order. For example, for continuum models, w diverges
for d<3 in the pure Ising model.'® At d=3 it diverges logarithmically.
These are true for all temperatures below T,. When lattice effects are taken
into account, one finds'!” that there exists at d=3 a roughening transition
temperature 0 < T,< T, such that the interface is rough only for
Tr<T<T. Thus, the continuum interface model fails below T;.
However, we are concerned here neither with the effect of a lattice nor with
that of the roughening transition.

In the following we calculate the width w for the driven diffusive
model, starting from the linearized equation of motion for an interface
parallel to E. We only managed to work at the linear order in f. The
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ignored nonlinearities come from two sources: the curvature on the lhs of
(2.10) and that contained in G. The correction for the corresponding model
A calculation due to the former is argued'® to be merely an amplitude
change. Similarly, those nonlinearities in G for model B do not change the
exponent 6 obtained from the linear equation, since model B shares the
same statics with model A. Unfortunately, we are not yet able to produce a
similar proof for the driven model. Let us proceed and see what we can get.

To calculate any correlation function, we need the correlator of the
noise #(y, t) in (2.10). This can be derived in a straightforward way in the
linear approximation if we know that of the bulk noise {. The interfacial
noise is given by

Ny, =5 [ a4y & dr Gly, £ 11y, 2 )Ly 2 ) (12)

1
24
The {yn’) is most conveniently expressed in the momentum-frequency
space. For the bulk noise, we have

Uk, w;z) {(k', 0’5 2')>
= —24(k2 +yk2 —902) 8(z— 2')(20) %5 ' (k + k') 6( + ') (1.3)

where as before k=(k;,k,) is (d—1)-dimensional. The parameter y
accounts for anisotropy induced by E. After linearization by setting f =0 in
G, we use

nmwhz}fﬁcmwmwm&ww) (74)

from (7.2), and the equation obeyed by G,
[ —iw+ Dk*— D2 — E¢ (') ik, ] G(k, w;0]z')=d(z") (7.5)
to obtain, after a little algebra,

(nlk, o) n(k', o))
Ay

~ 0L Q)54 (k+K') 3w+ ')

x{zz)kﬁ(y—l—u[dz' G(k, ;0(2') G(—k, —;0]z’)

+ G(k, »;0]0)+ G(—k, —w;0|0)} {(7.6)
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Using the explicit expression for G, one finds for the integral on the rhs

jdz' G(k, ;0|2') G(—k, —w;0]z")

= [(k* —iD o + ik k) + (K + D o — ik ghe ) 2] ™
x [(k? — iD "0 — ik gy )"+ (K +iD o+ ikghy)?17 (1)

Thus, in the absence of the anisotropy, y — 1, the correlation of the noise is
just given by the Green’s function, even though we started with a J-
function correlation in the bulk noise. It follows that the constraint of local
conservation generates finite-range correlation in the interfacial noise.

Let us now derive the correlation function and the linear response
function of f using (2.10) and (7.6). We can either get these from the
equations of motion of Gy, 1) = {f(y, ) (0, 0)> and that of {f(y, ?)) in
the presence of an external field, or equivalently from the generating
functional (the Martin-Siggia-Rose functional) as in Ref. 6. Whichever
method one uses, the results are

1

Gtk ©) = kG (K, ©) (7.8)
X
Gk, w)ZZDTszyz;_kz [1+2(y~ = 1) k3 Flk, 0)]
x [Gy(k, ©) + Gz —k, —)] (7.9)

where
Gk, )= D[(k*—iD ‘o + ik gk )/ + (k* — iD"'w — ik gky)Y*]  (7.10)
and
F(k, 0) = [(k* —iD ‘o + ik gk )'* + (kK> + iD "0 — ik gk ) 217

x [(k? —iD"'w — ik gk ) + (k* + iD ‘o + ik gk )21~ (7.11)
To establish a relation between Gy and the linear response function, we
note that an external field A(y, 1) that would couple to f in a Hamiltonian

couples to 7 in an MSR action. From this, for the linear response defined
by

Say=["dr [aty Ry YD) My 1) 00 (112)

it follows that
R(k, w)= (/o) G '(k, w) Gylk, ) (7.13)
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where o is the macroscopic surface tension. The fluctuation-dissipation
theorem Gk, ») oc (1/w) Im R(k, w) is satisfied only if the anisotropy is
removed: y = 1. This agrees with the finding in Ref. 6 regarding the critical
behavior,

Returning to our question of roughness, to evaluate [dw, we note
from Section 6 that

k do
J{((ké)) =[S e Gyl 0) + Gyl —k, —w)]

Hence it is unity for ¢ =0. This immediately gives

i
G 4k, z=0)=‘—®72y—-ép [14+2( 7 = 1)K I(K)] (7.14)
where
dw
I(k)=JEEF(k,a))[G;/{k, )+ Gy{—k, —)] (7.15)

Though I(k) is complicated to evaluate, one realizes I(k - 0)=0, so the
infrared property of the first term in the square brackets of (7.14)
dominates. Thus,

w*=Gu(y=0,:=0)

d’ 'k
= L—lWTGﬂ(k’IZO)
d—1
~J d 2k~LH (7.16)
1k

giving d,=1 as for E=0. In computing | d?~ 'k, we have assumed that the
dominant fluctuation has k;,~k,, which is unlike that in the ciritical
theory, where k|, ~ k7 . This assumption is consistent with the range of non-
locality contained in G, wich gives exp[ —(yf + y3)/4Dt] apart from a
multiplicative enhancement factor (1/k .|y |) exp(kz|y,1/2).

The question of whether the interface is effectively smooth in two
dimensions, in the sense that w/L -0 as L -» oo, is clearly important in
interpreting numerical results. For a system size of order 30, the roughness
of the interface is negligibly small at the resolution of 1 (i.e., a lattice site).
So it is difficult to draw any conclusion regarding the roughness of the
interface from available numerical findings at two dimensions. More exten-
sive numerical work focused on the interface is needed to test the validity
of this linear result.
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8. CONCLUSION

Here we briefly summarize our results: a central feature of the interac-
tion of the interfacial degrees of freedom is that of nonlocality—the motion
of any given part on the interface couples to that of all others, with the
strength of coupling decaying exponentially to zero at long distance. For
small deformations of the interface, we found no instability to drive the
system toward the nonlinear regime. Thus, for our purposes we are justified
in working with the linearized version of the highly nonlinear equation.

Starting from a kinetic equation of the tilted planar interface, we were
able to show that the interface is stable for small deformations of all
wavelengths. It is always stable (marginally) against normal translation,
which represents the zero mode of the translational invariance of the bulk
equation. We found that the relaxation of the interface has strong orien-
tational dependence (ie., f; <0 is very different from f, > 0). These were
understood qualitatively as a consequence of the influence of the driving
force on the coupling of neighboring parts of the interface.

We demonstrated explicitly the effect of the external field on the
relaxation after an initial deformation on a planar interface parallel to E.
The field is seen to speed up the relaxation if it is sufficiently strong—
determined by a comparison of length scales. In the case of an initial defor-
mation consistent with the periodic boundary conditions that are used in
all computer simulations, the results seems to suggest that these boundary
conditions act to stabilize the interface, favoring a parallel orientation with
respect to E.

The roughness of the interface parallel to E, which arises from thermal
fluctuations, was shown to linear order in the interfacial position to diverge
with the system size in the same way as for £ =0. However, the validity of
this result beyond linear order is not yet proved. Should this be true
generally, it would suggest that the lower critical dimensionality d, remains
as 1.

APPENDIX. DERIVATION OF THE GREEN'S FUNCTION
FOR E#0

Here we give the derivation of the Green’s function for E#0 of an
interface parallel to E. The results are used in Section 3. The Green’s
function G is defined in Section 2 by the following equation:

[—0/0t— DV + AE$(2)01 G(p'| p)=d(p'— p) (A.1)

where as before p=(r;7)=(y,,y.,z ), with y, being (d—2)-dimen-
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sional. For arbitrary profile ¢.(z), it would be difficult to solve for G. To
make progress, we make a low-temperature approximation

$(2)~ ¢ [20(z—z0) — 1] (A.2)

of the same nature as the approximation ¢?(z)~ ¢%, made in deriving the
linearized bulk equation in Section 2. In doing this, we are limiting our-
selves to situations where the interesting phenomena occur at length scales
> ¢, the width of the interface. However, since interfacial properties are
generally not sensitive to the details of the density profile, (A.2) should still
capture the essential physics that arises from the existence of an interface
separating two opposite phases.

Since the planar interface can be translated freely along its normal
direction, we can arbitrarily define its position as z=0, so z,=0. To
simplify, we first Fourier-transform all coordinates but z to get from (A.1)

[ —iw + Dk — D? — AE¢.(z) ik, ] G(k, 0;2'|z) =6(z —z)  (A3)

where k is (d—1)-dimensional. We now solve G subject to the boundary
condition that G — 0 as |z| or |z’| goes to infinity. We expect that G will be
a linear combination of exponentials. We have to consider separate regions
in z and z’ and match the solutions at boundaries. First suppose z' <0. Let

V= —iw+ Dk’ v=—AE} ik, (A4)

Using (A.2), we thus have the following:

1. z>0: G obeys

(=D +V+v)G=0

Substituting G = de #*, we get p>=D (V' +v) with Re p>0.

2. z<0: G obeys

(—D?+V—0v)G=6(z'—2)
Guided by symmetry with respect to z <> z’, we write
G=Bexp(—qlz—Z'|)+ Cexplg(z+2z')]

a direct substitution of which into the differential equation shows that
g*>=D"'(V—v) with Reg>0. This expression alrcady satisfies the
continuity of G at z=z". The discontinuity of the first derivative of G is
obtained by integrating z from z’—¢ to z’+ ¢ with infinitesimal g which
gives

D[G(z=z2—¢)—G(z=2+¢)]=1
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so B=1/(2Dq). The coefficients 4 and C are determined by matching the
boundary conditions at z=20:

Be + Ce™ = 4
—gBe? 4 qCe™ = —pA

which give
.
qg+p
. 2 .
A=(B+(C)e” = Be#
q+p

Putting all these together, we obtain for z' <0

1 ,
LIRS 250
D

Gk, w;7'|z) = 1(‘1“’) s (A.5)
(a1 LT P ) 0
2Dq(e +q+pe > z<

where we recall that both p and g have positive real parts for real w:

p= (kz_‘D-vllCU""‘lkEk”)l/z

(A.6)
q=(k* — D liw + ik gk, )"
with k= AED '¢_, and their branches are defined as in Section 3.
The results for z' > 0 are obtained from (A.5) by replacing p by g and
vice versa, and making the changes z— —z and z' » —z'.
In a linear analysis we only need the following quantity:

G(k, »;0]0)=1/D(q + p) (A7)
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